I review the foundations of irrational conformal field theory (ICFT), which includes rational conformal field theory as a small subspace. Highlights of the review include the Virasoro master equation and the generalized Knizhnik-Zamolodchikov equations for the correlators of ICFT on the sphere and the torus.
The General Affine-Virasoro Construction
Motivated by the affine-Sugawara, coset and spin-orbit constructions, E. Kiritsis and I found the general affine-Virasoro construction [11, 12] where c is the central charge. I give here only the result at D a = d a = 0, which is called the Virasoro master equation [11, 12] 
The master equation has been identified [13] as an Einstein system on the group manifold, with
, c = dim g − 4R (2.6) where g ij and R are the inverse Einstein metric and Einstein curvature scalar respectively.
Here are some simple facts about the master equation which we will need in this lecture. a) Affine-Sugawara constructions [1, 2, [7] [8] [9] . The affine-Sugawara construction on g is
and similarly for L h on h ⊂ g.
K-conjugation is the central feature of affine-Virasoro constructions, and it suggests that the affine-Sugawara construction should be thought of as the tensor product of any pair of K-conjugate conformal field theories. This is the conceptual basis of factorization, discussed in Sections 4-7.
c) Coset constructions [1, 2, 10] . K-conjugation generates new solutions from old.
The simplest examples are the g/h coset constructions
which follow by K-conjugation from L h on h ⊂ g. Repeated K-conjugation on the nested subalgebras g ⊃ h 1 · · · ⊃ h n gives the affine-Sugawara nests [14, 15] , which have been shown to be tensor product theories formed by tensoring the conformal blocks of appropriate subgroups and nests [39, 43] .
d) High-level expansion. At high-level on simple g, the leading behavior of the inverse inertia tensors is [21, 29] 
whereP and P are the high-level projectors of theL and the L theory respectively. Higher-order terms in this expansion are studied in Ref. [21] .
Irrational Conformal Field Theory
Here is an overview of the solution space of the master equation, called affineVirasoro space. For further details see the review in Ref. [17] a) Counting [15, 18] . The master equation is a set of dim g(dim g + 1)/2 coupled quadratic equations on the same number of unknowns L ab . This allows us to estimate the number of inequivalent solutions on each manifold. As an example, there are approximately 1 4 billion conformal field theories on each level of affine SU(3), and exponentially larger numbers on larger manifolds. b) Exact solutions [15, [18] [19] [20] [21] [22] [23] [24] [25] [26] 16] . Large numbers of new solutions have been found in closed form. On positive integer levels of affine compact g, most of these solutions are unitary with irrational central charge. As an example, the value at level 5 of affine SU(3) [21] 
is the lowest unitary irrational central charge yet observed. See Ref. [16] for the most recent list of exact solutions. c) Systematics [17] . Generically, affine-Virasoro space is organized into levelfamilies of conformal field theories, which are essentially analytic functions of the level. On positive integer level of affine compact g, it is clear from the form of the master equation that the generic level-family has generically irrational central charge. Since rational central charge is sporadic in affine-Virasoro space, we refer to the space of all CFT's as irrational conformal field theory (ICFT),
Moreover, rational central charge is rare in the subspace of unitary conformal field theories. Indeed, the rational conformal field theories are rare in the space of Lie h-invariant conformal field theories [16] , which are themselves quite rare (see Section 6). Many candidates for new rational conformal field theories [23, 27, 28] , beyond the coset constructions, have also been found.
Study of the space by high-level expansion [21] shows a partial classification by graph theory and generalized graph theories [18, [22] [23] [24] [25] [26] . In the classification, the high-level projectorsP and P in eq.(2.10) are the adjacency matrices of the graphs, and each graph is a level-family, whose conformal field theories carry the symmetry of the graph. At the present time, seven graphtheory units [17] of generically unitary and irrational conformal field theories have been studied, and it seems likely that many more can be found [26] .
Large as they are, the graph theories classify only very small regions of affine-Virasoro space. Enough has been learned however to see that all known exact solutions are special cases of relatively high symmetry, whereas the generic conformal field theory is completely asymmetric [18] .
Before going on to the Ward identities, I should mention several other lines of development.
1. Non-chiral CFT's. Adding right-mover copiesT andT of the K-conjugate stress tensors, we may take the usual Hamiltonian H = L (0) +L (0) for the L theory. Because the generic CFT has no residual affine symmetry, the physical Hilbert space of the generic theory L is characterized bỹ
whereL(m) and L(m) are the modes ofT and T .
2. World sheet action [29, 42] . Correspondingly, the world-sheet action of the generic theory L is a spin-two gauge theory, in which the WZW theory is gauged by the K-conjugate theoryL. An open direction here is the relation with σ-models and the corresponding space-time geometry of irrational conformal field theory. In this connection, see also Ref. [13] . † In the course of this work, a new and apparently fundamental connection between Lie groups and graphs was seen. The interested reader should consult Ref. [16] and especially Ref. [26] , which axiomatizes these observations.
3. Superconformal master equations [30] . The N=1 system has been studied in some detail [23] [24] [25] [26] , and a simplification [31] 4. Exact C-functions [32, 30, 17] . Exact C-functions [33] and associated Ctheorems are known for the N=0 and N=1 master equations, but not yet for N=2.
The Ward Identities of ICFT
It is clear that the Virasoro master equation is the first step in the study of irrational conformal field theory, which contains rational conformal field theory as a small subspace of relatively high symmetry. On the other hand, the correlators of irrational conformal field theory have, until recently, remained elusive. The reason is that most of the computational methods of conformal field theory have been based on null states of extended Virasoro algebras [5, [34] [35] [36] , which apparently have little to say about the affine-Sugawara constructions and the general ICFT.
Recently, N. Obers and I have found a set of equations, the affine-Virasoro Ward identities [37] , for the correlators of irrational conformal field theory.
The first step is to consider KZ-type null states [7, 37] , which live in the modules of the universal covering algebra of the affine algebra, and which are more general than extended Virasoro null states. As an example, we have
which holds for all affine-Virasoro constructions L ab . Here |R g α , α = 1, . . . , dim T is the affine primary state with matrix representation T , and the original KZ null state is recovered from (4.1) by taking L ab = L ab g and L(−1) = L g (−1). We also choose a so-called L-basis of representation T , in which the conformal weight matrix is diagonal [37] 
In such a basis, the states |R g are called the broken affine primary states, because the conformal weights ∆ g (T ) of |R g under the affine-Sugawara construction are broken to the conformal weights ∆ α (T ),∆ α (T ) of the L theory and thẽ L theory. These states are also examples of Virasoro biprimary states, which are simultaneously Virasoro primary under both of the commuting K-conjugate stress tensors.
To use these null states in correlators, we need the Virasoro primary fields of the L and theL theories. Because we have two commuting stress tensors, the natural objects are the Virasoro biprimary fields [38, 37] 
which are simultaneously Virasoro primary under T andT . In (4.3), R α g are the broken affine primary fields, and the complex variablesz, z are independent. The averages of these bilocal fields
are called biconformal correlators or bicorrelators.
Inserting the null state (4.1) into the bicorrelator, the Virasoro term gives derivatives with respect to the z's, as usual, while the current term can be evaluated, in terms of the representation matrices, on the affine-Sugawara linẽ z = z. More generally, we obtain the affine-Virasoro Ward identities [37] ,
where W j 1 ...jq,i 1 ...ip are the affine-Virasoro connection moments and A(z, z) = A g (z) is the affine-Sugawara correlator (which satisfies the KZ equation on g). The first-order connection moments are
which follow from the null state (4.1) and its K-conjugate copy with L →L. 
since the required averages are in the affine-Sugawara theory on g. The results (4.5) and (4.7) prove the existence of the biconformal correlators (at least as an expansion about the affine-Sugawara linez = z), but computation of all the connections appears to be a formidable task. So far, we have explicitly evaluated the first and second-order connection moments [37] for all theories, and all the connection moments for the coset constructions [37, 39] and affineSugawara nests [39] . We have also found the leading term of the connection moments for the general ICFT at high level on simple g [39] .
5 The Generalized KZ equations of ICFT.
The Ward identities (4.5) may be written as generalized KZ equations [41] 
whereW i , W i are flat connections and (5.1b) is the affine-Sugawara boundary condition for the system. The flat connections can be written in terms of the connection moments via the non-linear relations,
whereF and F are the evolution operators of the flat connections.
The flat connections satisfỹ
where W g i is the affine-Sugawara connection which appears in the KZ equation [7] ∂
Indeed, the KZ equation is implied by eq. (5.3) and the generalized KZ equations (5.1),
where the second step is a chain rule. Moreover, the generalized KZ equations include the KZ equation itself as a special case when we choose the simplest K-conjugate pairL = 0, L = L g . The resulting system in this case,
is equivalent to (5.4).
The generalized KZ equations have been solved exactly for the coset constructions [37, 39, 41] , the affine-Sugawara nests [39, 41] and the general ICFT at high-level on simple g [39, 41] . In all these cases, one sees a factorization of the bicorrelators
into the correlators of the individual conformal field theoriesL and L.
I mention in particular the results for the four-point correlators of the coset constructions, whose conformal blocks, called the coset blocks [37] ,
turn out to be the conformal blocks conjectured for the coset constructions by Douglas [42] . Here F g and F h are matrices of conformal blocks of the affineSugawara constructions on g and on h. See [37] for a detailed example of coset blocks on (SU(n) × SU(n))/SU(n).
I also mention the candidate correlators [39] obtained by factorization for all ICFT. Here, the factorization (5.7) is studied assuming the flat connections of the general theory are given as input data. In the general case the factorization is not unique, but a factorization has been found whose candidate correlators so far appear to be completely physical. In particular, the correlators reproduce the known correlators of the coset constructions, the affine-Sugawara nests and the high-level correlators of the general ICFT on simple g. For the general ICFT at finite level, it appears that one obtains an infinite number of conformal blocks, in accord with intuitive notions about ICFT. Finally, the correlators exhibit a universal braiding across all ICFT which includes and generalizes the Fuchsian braiding of RCFT. A review of this development is given in Ref. [43] .
ICFT on the Torus
This year, N. Sochen and I [44] have extended these developments to begin the study of ICFT on the torus. 
where χ g (T ) is the conventional affine-Sugawara character of irrep V T .
Following the development on the sphere, we found that the bicharacters satisfy the heat-like differential system, ∂τ χ(T ,τ , τ, h) =D(τ , τ, h)χ(T ,τ , τ, h) (6.3a)
whereD and D are flat connections. As discussed in [44] , this system includes and generalizes Bernard's heat equation [45] for the affine-Sugawara characters.
The heat-like system (6.3) has been solved for the coset constructions and the general ICFT at high level on simple g.
For h and g/h, the bicharacters factorize,
where χ h (T h ) are theĥ-characters for h ⊂ g and the sum is over all affine irreps T h ofĥ at the induced level of the subalgebra. The quantities χ g/h (T , T h ) are the coset characters, for which we obtain a new integral representation,
where ∆ g and ∆ h are the conformal weights of T and T h , and dh is Haar measure on Lie h. The explicit forms of the coefficients N and the dual characters χ † h (T h ) are given in [44] . The general result in (6.5a) holds for semisimple g and simple h, and is the analogue on the torus of the formula (5.8) for the coset blocks on the sphere. The special case in (6.5b) is the explicit form of (6.5a) for simple g.
For the high-level case, the leading terms of the flat connections arẽ
where Ω(g) is the adjoint action of g andP , P are the high-level projection operators (2.10) of theL and the L theory respectively. The result for the high-level bicharacters is given in [44] .
So far, factorization of the bicharacters has been studied only for the case of the Lie h-invariant CFT's [16] , which is the subspace of all ICFT's with a Lie symmetry h ⊂ g,
In this case, we have obtained the candidate high-level low-spin characters of the Lie-h invariant CFT's,
where h(T ) and h(T h ) are the representation matrices of T and T h in Lie H and low-spin means that the Casimir operator of T is O(k 0 ). The results (6.8) correctly contain the high-level low-spin characters of g/h and h but still must be tested for modular covariance, or further decomposed until modular covariance is obtained. For this it will first be necessary to obtain the high-level high-spin bicharacters, following the method of [44] .
I finally mention the geometric formulation [44] of the heat-like system (6.3) on a sourceĝ in the affine Lie group. In this formulation, one finds a new first-order differential representation of affine g × g, E a (m) = −ie am iµ (∂ iµ − ike iµ y ) ,Ē a (m) = −iē am iµ (∂ iµ + ikē iµ y ) (6.9) where the e's andē's are vielbeins and inverse vielbeins on the affine group manifold, whose coordinates are y (for the central term) and x iµ , i = 1 . . . as commuting generalized Laplacians on the affine group. See Ref. [44] for further discussion of the heat-like system in this case.
Conclusions
The Virasoro master equation describes irrational conformal field theory (ICFT), which includes rational conformal field theory as a small subspace. Generalized Knizhnik-Zamolodchikov (KZ) equations have been derived for the correlators of ICFT on the sphere and on the torus. Study of the generalized KZ equations is in an early stage, but so far has led to new results for the coset constructions and partial results for all ICFT at high level on simple g.
